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methodAbstract In this paper, a mathematical model of nitric oxide removal using biotrickling ﬁlter
(BTF) packed with uniform ceramic particles under thermophilic condition is discussed. The model
proposed here is based on the mass transfer in gas-bioﬁlm interface and chemical oxidation in the
gas phase. Analytical expressions pertaining to the nitric oxide (NO) concentration in the gas and
bio-ﬁlm phase have been derived using the Adomian decomposition method (ADM) for all possible
values of parameters. Furthermore, in this work the numerical simulation of the problem is also
reported using Matlab program to investigate the dynamics of the system. Graphical results are
presented and discussed quantitatively to illustrate the solution. Good agreement between the
solutions is presented in this paper and numerical data are obtained.
ª 2014 Production and hosting by Elsevier B.V. on behalf of University of Bahrain.1. Introduction
Rapid increases in the emission of nitrogen oxides (NOx) can
adversely affect human health, damage crops, and are impli-
cated in the formation of acid rain (Van Langenhove et al.,
1986). Nitrous oxide, a chemical compound with the formula
N2O is one of the NOx components which are known as laugh-ing gas in common. It is an oxide of nitrogen. At room temper-
ature, it is a colourless, non-ﬂammable gas, with a slightly
sweet odour and taste. Nitrous oxide is a long-lived green-
house gas, with a direct global warming potential 298 times
higher than that of carbon dioxide (Solomon et al., 2007).
Therefore, even low amounts of N2O emission are unwanted.
Nitrous oxide gives rise to nitric oxide (NO) on reaction with
oxygen atoms and this NO in turn reacts with ozone. Nitric
oxide which is the major component of nitrogen oxide reacts
with moisture in the air to form nitrous acid which is a major
constituent of acid rain.
In order to control the emission of volatile organic
compounds (VOC) like nitrous oxide, nitric oxide, toluene
etc. from industries, bioﬁlters are being used nowadays instead
of the chemical complex absorption method (Islam and Alam,
2006; Vafajoo et al., 2012). Bioﬁlters offer two major
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power consumption is very low (1.8–2.5 Kwh/1000 m3)
compared with other technologies. Secondly, their capital
operating costs are very low which can be an added boon to
our industry, which opt for high economic pollution control
technologies (James and Natalve, 1996). Bioﬁltration is a com-
plex process with many physical, chemical, and biological phe-
nomena (Devinny et al., 2002). In bioﬁltration the
contaminated air is passed through a packed bed where biode-
gradable gases or volatile compounds are absorbed into the
bioﬁlm (Baquerizo et al., 2005).
Bioﬁltration has become one of the leading technologies for
controlling VOC emissions (Zarook and Shaikh, 1997; Cox
and Deshusses, 1998). There are three conventional types of
bioﬁlter: bioﬁlter, trickling bioﬁlter and bioscrubber. Biotric-
kling ﬁlters have been shown in several instances to be superior
to bioﬁlters when accurate control of the environmental condi-
tions or higher pollutant elimination rates are required (Baltzis
et al., 2001). Moreover, biotrickling ﬁlters packed with better
structural strength can be built taller than bioﬁlters (Cox
et al., 2001). A liquid stream trickles through the porous
packed bed and provides nutrients without carbon to the
micro-organisms. The micro-organism in the bioﬁlm degrades
the biodegradable pollutants in waste gas while it passes
through the packed bed and diffuses through the attached bio-
ﬁlm. Biotrickling ﬁlters are relatively new and are still regarded
as an emerging technology for air pollution control (Liao
et al., 2008). Biotrickling ﬁlters require low maintenance
(Deshusses Marc et al., 2004). Biotrickling ﬁlters are increas-
ingly used in industrial applications.
NO removal by applying some thermophilic microorgan-
isms in various temperatures was studied experimentally by
Flanagan and Lee (Flanagan et al., 2002; Lee et al., 2001).
Besides, theoretical modelling studies regarding NO removalFigure 1 Experimental setup of a biotricin BTF reactor are very limited due to the non linear character
of mass balance equations over the bioﬁlm phase. Caceres,
Song and Zarook analysed the BTF modelling on removal
of volatile organic compounds (Caceres et al., 2012; Song
and Kinney, 2002; Zarook and Shaikh, 1997). Liang et al.
(2012) developed a mathematical model for nitric oxide
removal in a biotrickling ﬁlter under thermophilic conditions.
Matlab software package was employed to acquire the numer-
ical solution of the model. However to the best of our knowl-
edge, no rigorous analytical expressions of concentration of
nitric oxide in the gas phase and in the bioﬁlm phase have been
reported (Liang et al., 2012). The purpose of this communica-
tion is to derive the approximate analytical expressions for the
nitric oxide concentration in both the phases using the Adomi-
an decomposition method.2. Mathematical modelling
The experimental setup for the BTF reactor is given in Fig. 1.
The BTF was constructed with cylindrical plexiglass. The
height and diameter of the reactor were 50 and 8 cm, respec-
tively. The packing space was at the height from 10 to 40 cm
calculated from the bottom of the BTF. The outer layer of
the reactor was shielded with a heat tape which is covered with
a layer of ﬁbreglass insulator. The reactor temperature was
maintained at 50 ± 1 C. The experiment was conducted in
two experimental phases. In the ﬁrst phase, the characteristics
of Chelatococcus daeguensis in anaerobic environment in the
presence of nitrate were found out. In the second phase, the
potentiality of immobilization material in the bioﬁlter which
could adsorb NO2 gas effectively as well as possess good
bacterial immobilization capacity was identiﬁed (Islam and
Alam, 2006). Let us consider the mass balance equations forkling ﬁlter system (Liang et al., 2012).
Figure 2 Dimensionless NO concentration in the gas phase ð CgÞ versus dimensionless height z for various values of a, b, g and c and for
some ﬁxed values of other parameters. The key to the graph: solid line represents the Eq. (12) and dotted line represents the numerical
simulation.
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respectively on the basis of operation conditions in Liang
et al. (2012) as follows:
Mass balance equation over the gas phase:
Ug
dCg
dz
¼ af DedCl
dx

x¼0
 2kgC2gef ð1Þ
where Ug is the superﬁcial gas velocity; Cg is the NO concen-
tration in the gas phase and Cl is the NO concentration in
the bioﬁlm phase; af is the speciﬁc surface area of bioﬁlm; De
is the effective diffusion coefﬁcient in the bioﬁlm; kg is the
reaction rate constant; ef is porosity ratio of bioﬁlm covered
packing materials; DedCldx

x¼0 is the ﬂux across the gas bioﬁlm
interface; z is the height value which is calculated from the base
of the packing materials; x is the coordinate axis which is cal-
culated from the surface of the bioﬁlm. The equation (Eq. (1))
must be solved to the boundary condition
Cg ¼ Cg;0 at z ¼ 0; ð2Þ
Mass balance equation over the bioﬁlm phase is
De
d2Cl
dx2
¼ lm
Y
Cl
Ks þ Cl XV ð3Þ
where XV is the microbial density of the bioﬁlm; Ks is the
Monod half saturation constant; lm is the maximum speciﬁc
growth rate of biomass; Y is the yield coefﬁcient ofmicro-organisms; lm/Y gives the maximum speciﬁc substrate
utilization rate. Boundary conditions for Eq. (3), are given
by
Cl ¼ Cg=H at x ¼ 0 ð4Þ
dCl
dx
¼ 0 at x ¼ Lf ð5Þ
where H is Henry constant at 50 C and Lf is the bioﬁlm thick-
ness. The NO concentrations in both the gas and bioﬁlm phase
were analysed experimentally by a ﬂue gas analyser (TESTO
350Pro, Germany) at 10 h intervals (Liang et al., 2012).
2.1. Dimensionless form
The non-linear differential Eqs. (1) and (3) are made dimen-
sionless by deﬁning the following parameters:
Cl ¼ ClCg=H ; x ¼ xLf ; a ¼ Lf
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
lm
Y
XV
DeKs
q
; b ¼ Cg=H
Ks
;
Cg ¼ CgCg;0 ; z ¼ zLf ; c ¼
afDe
HUg
; g ¼ efkgCg;0Lf
Ug
ð6Þ
Using the above dimensionless variables, Eqs. (1) and (3)
reduce to the following dimensionless form:
d Cg
dz
¼ c Cg d
Cl
dx

x¼0
 2g C2g ð7Þ
Figure 3 Dimensionless NO concentration in the gas phase ð CgÞ versus dimensionless height (z) for various values of c, g and (m) and for
some ﬁxed values of other parameters. The key to the graph: solid line represents the Eq. (12) and dotted line represents the numerical
simulation.
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dx2
¼ a
2 Cl
1þ b Cl
ð8Þ
The corresponding boundary conditions for the above
Eqs. (7) and (8) can be expressed as
Cg ¼ 1 at z ¼ 0; ð9Þ
Cl ¼ 1 at x ¼ 0 ð10Þ
d Cl
dx
¼ 0 at x ¼ 1 ð11Þ3. Analytical expressions of concentration of NO in gas and
bioﬁlm phase using Adomian decomposition method
In the recent years, much attention is devoted to the applica-
tion of the Adomian decomposition method to the solution
of various scientiﬁc models (Adomian, 1984; Mohamed,
2010; Omar Jaradat, 2008; Patel et al., 2011; Siddiqui et al.,
2010). The ADM yields an analytical solution in terms of a
rapidly convergent inﬁnite power series with easily comput-
able terms and without linearization, perturbation, transfor-
mation or discrimination. In this paper, the Adomian
decomposition method (see Appendix A) is used to solve
non-linear differential equation (Muthukaruppan et al.,
2012). The analytical expressions for the concentration of
NO in the gas phase Cg; and in the bioﬁlm phase Cl; (see
Appendix B) are obtained as follows:
CgðzÞ ¼ cmecm z cm 2gþ 2gecm z½ 1 ð12ÞClðxÞ ¼ 1þ a
2xðx 2Þ
2ð1þ bÞ þ
a4x½x2ðx 4Þ þ 8Þ
24ð1þ bÞ3 ð13Þ
where
m ¼ a
4
3ð1þ bÞ3 
a2
ð1þ bÞ ð14Þ4. Removal ratio of NO
The percentage of the NO removal ratio (NO removal
efﬁciency NOR) is (Takao Namihira et al., 2000)
NOR ¼ NOi NOf
NOi
 100 ð15Þ
where NOi and NOf are the initial (before treatment) and the
ﬁnal (after treatment) concentrations of NO in the gas phase,
respectively. In the present work, NOi = 1 and NOf ¼ Cg.
5. Numerical simulation
In order to investigate the accuracy of the ADM solution with
a ﬁnite number of terms, the system of differential equations
was solved numerically. To show the efﬁciency of the present
method, our results are compared with numerical results
graphically. The function pdepe (Finite element method)
which is a function of solving initial-boundary value problems
for parabolic–elliptic PDEs in 1-D is used to solve Eq. (7)
numerically. And Eq. (8) is solved numerically using the
Matlab function ode45 (Range–Kutta method) which is a
function of solving the initial-boundary value problems in
Matlab software (MATLAB 2000, Skeel and Berzins, 1990).
Figure 4 Dimensionless NO concentration in the bioﬁlm phase ð ClÞ versus dimensionless coordinate x for various values of b and for
some ﬁxed values of the parameter a2. The key to the graph: solid line represents the Eq. (13) and dotted line represents the numerical
simulation.
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and the bioﬁlm phase are compared with simulation results in
Figs. 1–6 A satisfactory agreement is noted.
6. Results and discussion
Eqs. (12) and (13) represent the simple analytical expressions
pertaining to the NO concentration in the gas phase and the
bioﬁlm phase respectively. The main variables of interest in
this study are the concentration of NO in the gas phase Cg
and the bioﬁlm phase Cl respectively. The concentration of
nitric oxide in the gas phase depends on the following four
factors c, g, a and b. The parameter c depends upon speciﬁc
surface area of the bioﬁlm af, effective diffusion coefﬁcient
De, Henry constant H and superﬁcial gas velocity Ug. The
parameter a and g depends upon the bioﬁlm thickness Lf.
And the factor b depend on the inlet NO concentration.
Fig. 2(a) shows the dimensionless concentration proﬁle of
NO in the gas phase versus dimensionless height z for various
values of a. The variation in the dimensionless variable a can
be achieved by varying either the thickness or the microbial
density of the bioﬁlm. As a increases, the concentration of
NO increases for z 6 5. It indicated that the concentration ofNO depends upon the thickness of the bioﬁlm. In Fig. 2(b),
the inﬂuence of b over NO concentration in the gas phase ver-
sus height z was analysed. For some ﬁxed values of the param-
eters the concentration increases when b decreases. From this
ﬁgure, it is also evident that the concentration is inversely
proportional to b. From Fig. 2(c) it is observed that the con-
centration of NO increased rapidly since z < 15 and reaches
the maximum at z ¼ 15 and then remains approximately con-
stant. Sharp increases are due to the inlet nitrogen concentra-
tion Cg,0. When g increases the concentration decreases. From
this ﬁgure, it is deducted that, for minimum values of g the
concentration of NO increases. Fig. 2(d) represents the concen-
tration of NO for various values of c. The variation in c can be
accomplished by changing either the diffusion coefﬁcient in the
bioﬁlm, or the superﬁcial gas velocity. From this ﬁgure, it is
conﬁrmed that the concentration increases when c (speciﬁc sur-
face area of the bioﬁlm) increases with respect to the height z.
In Fig. 3, the concentration of NO in the gas phase Cg versus
height z for various values of parameters c, g and m is plotted.
The concentration of Cg increases with the increase of c, g and
m. It reaches the steady state value when zP 1 for all values of
c, g and m. For m< 1, the concentration decreases for various
values of c and g. And for mP 1, the concentration decreases.
Figure 5 Dimensionless NO concentration in the bioﬁlm phase ð ClÞ versus dimensionless coordinate x for various values of a2 and for
some ﬁxed values of the parameter b. The key to the graph: solid line represents the Eq. (13) and dotted line represents the numerical
simulation.
Figure 6 NO Removal ratio NOR versus dimensionless height z for various values of b and g for some ﬁxed values of the other
parameters. The graph is plotted using Eq. (15).
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Figure 7 NO concentration and Removal ratio NOR versus
coordinate axis x for some ﬁxed values of the parameters (refer
Table. 1). The graph is plotted using Eqs. (6), (12), and (15).
Figure 8 Comparison of experimental and analytical (simula-
tion) results of NO Removal ratio (NO removal efﬁciency, NOR)
versus dimensionless height x for some ﬁxed values of the
parameters (Refer Table. 1). The graph is plotted using Eqs. (6)
and (15).
Analytical expressions for the concentration of nitric oxide removal 25Fig. 4 and 5 exhibit the concentration of NO in the bioﬁlm
phase Cl for different values of a
2 and b. From Fig. 4(a)–(c), it
is inferred that the concentration of NO increases when b
increases for some ﬁxed values of a2. For large values of b,
the concentration remains constant. In Fig. 5(a)–(c), the con-
centration of NO in the bioﬁlm phase for various values of
a2 and for some ﬁxed values of b is presented. From this ﬁgure,
we conclude that the concentration of NO increases when
thickness of the ﬁlm decreases.
Fig. 6 illustrates the removal ratio of NO (NO removal efﬁ-
ciency) in the gas phase. From Fig. 6(a) and (b), it is evident
that the removal ratio increases when b (half saturation
constant increases) decreases and g (bioﬁlm thickness)
increases. This shows that NO removal efﬁciency is inversely
proportional to the inlet nitrogen concentration and directlyTable 1 Parameter values used for solving the model equations.
Symbols Parameters Formula
a0 Speciﬁc surface area of
medium
Measured exper
e0 Porosity of medium Measured exper
L Characteristic length of the
vertical channels
L ¼ 2 e0a0
af Speciﬁc surface area of
bioﬁlm
af ¼ a0 1 LfL
 
De Eﬀective diﬀusion coeﬃcient
in the bioﬁlm
Measured exper
kg Reaction rate constant Arrhenius equat
ef Porosity ratio of bioﬁlm
covered packing materials
ef ¼ e0 1 LfL
 2
Lf Bioﬁlm thickness Measured exper
XV Microbial density of the
bioﬁlm
Measured exper
lm
Y lm Maximum speciﬁc growth
rate of biomass
lm ¼ l ssþKs
Y Yield coeﬃcient of micro-
organismsproportional to the bioﬁlm thickness. Fig. 7 depicts that the
difference between the experimental and analytical proﬁles of
NO removal efﬁciency versus the coordinate axis x. Our
obtained analytical results are veriﬁed.
Fig. 8 shows the proﬁle of NO concentration and NO
removal efﬁciency versus coordinate axis x for experimental
values in Table. 1 using Eqs. (6) and (12). It can be seen from
Fig. 8 that the concentration of NO decreases with increasing x
and accordingly the removal efﬁciency of NO increases with
increasing x. When x is less than 0.4, the decreasing rate of
NO concentration or the increasing rate of removal efﬁciency
is comparatively fast; while when x is greater than 0.4, the con-
centration and removal efﬁciency of NO reach a steady level.Values Units Reference
imentally 398 m1 Liang et al. (2012)
imentally 0.62 Dimensionless Liang et al. (2012)
0.003 m Liang et al. (2012)
12876.34 cm1 Liang et al. (2012)
imentally 5.21 * 105 cm2 s1 Stewart, (2003), Liang
et al. (2012)
ion 6.496 * 103 L2 mol2 s1 Liang et al. (2012),
Nagase et al. (1997)
648 Dimensionless Liang et al. (2012)
imentally 0.1 cm Liang et al. (2012), Chen
et al. (2009)
imentally 0.4 g cm3 Liang et al. (2012)
9.8 * 105 s1 Liang et al. (2012)
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In this paper, the system of nonlinear differential equations on
nitric oxide removal in a biotrickling ﬁlter has been solved ana-
lytically. The model investigated the inﬂuence of parameters
over the removal of NO from the oxygen in the BTF reactor
under thermophilic conditions. Approximate analytical expres-
sions pertaining to the concentration of NO in the gas phase
and the bioﬁlm phase for all values of the parameters are
obtained using the Adomian decomposition method. Our
results are compared with the numerical simulation and it gives
satisfactory agreement .This analytical result helps us for the
better understanding of the model.Nomenclature
ParametersCg NO concentration in the gas
phase, g cm3Cl NO concentration in the bioﬁlm
phase, g cm3Cg,0 Inlet NO concentration, g cm
3Ug Superﬁcial gas velocity, cm s
1af Speciﬁc surface area of bioﬁlm,
cm1a0 Speciﬁc surface area of medium,
m1De Eﬀective diﬀusion coeﬃcient in
the bioﬁlm, cm2 s1kg Reaction rate constant,
L2 mol2 s1Lf Bioﬁlm thickness, cmXV Microbial density of the bioﬁlm,
g cm3Ks Monod half saturation constant,
g cm3lm Maximum speciﬁc growth rate of
biomass, s1l Growth rate of biomass, s1Y Yield coeﬃcient of micro-
organisms, g gNO1z Height value which is calculated
from the base of the packing
materials, cmx Coordinate axis which is
calculated from the surface of the
bioﬁlm, cmDimensionless parametersef Porosity ratio of bioﬁlm covered
packing materialse0 Porosity of medium
H Henry constant at 50 C
Cg ¼ CgCg;0 Dimensionless NO concentration
in the gas phase
Cl ¼ ClCg=H Dimensionless NO concentration
in the bioﬁlm phasex ¼ xLf Dimensionless height calculated
from the base of the packing
materialz ¼ zLf Dﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃq imensionless parameter
a ¼ Lf lmY XVDeKs Dimensionless parameter
c ¼ afDeHUg Dimensionless parameter
g ¼ efkgCg;0LfUg Dimensionless parameter
m ¼ a4
3ð1þbÞ3  a
2
ð1þbÞ Dimensionless parameterNOi Initial NO concentration in the
gas phaseNOf Final NO concentration in the
gas phaseNOR NO removal ratio (NO removal
eﬃciency)L Linear operatorAn Adomian polynomialAppendix A. Basic concepts of the Adomian decomposition
method (ADM)
Consider the non-linear differential equation
y00 þNðyÞ ¼ gðxÞ ðA:1Þ
with boundary conditions
yð0Þ ¼ A; y0ðbÞ ¼ B ðA:2Þ
where N(y) is a nonlinear function, g(x) is the given function
and A, B, b are given constants. We propose the new differen-
tial operator, as below
L ¼ d
2
dx2
ðA:3Þ
So, Eq. (A.1) can be written as
LðyÞ ¼ gðxÞ NðyÞ ðA:4Þ
The inverse operator L1 is therefore considered as a
twofold integral operator (Duan and Rach, 2011;), as below
L1ð:Þ ¼
Z x
0
Z x
b
ð:Þdxdx ðA:5Þ
Applying the inverse operator L1 on both sides of
Eq. (A.4) yields
yðxÞ ¼ L1ðgðxÞÞ  L1ðNðyÞÞ þ y’ðbÞðx 0Þ þ yð0Þ; ðA:6Þ
Using the boundary conditions Eq. (A.2), Eq. (A.6)
becomes
yðxÞ ¼ L1ðgðxÞÞ  L1ðNðyÞÞ þ Bxþ A; ðA:7Þ
The Adomian decomposition method introduces the
solution y(x) and the nonlinear function N(y) by inﬁnite
series
yðxÞ ¼
X1
n¼0
ynðxÞ ðA:8Þ
and
NðyÞ ¼
X1
n¼0
An ðA:9Þ
where the components yn(x) of the solution y(x) will be deter-
mined recurrently and the Adomian polynomials An of N(y)
are evaluated using the formula
AnðxÞ ¼ 1
n!
dn
dkn
N
X1
n¼0
knyn
 !
k¼0
ðA:10Þ
which gives
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A1 ¼ N0ðy0Þy1;
A2 ¼ N0ðy0Þy2 þ 12N00ðy0Þy21;
A3 ¼ N0ðy0Þy3 þN00ðy0Þy1y2 þ 13!N000ðy0Þy31:
..
.
ðA:11Þ
By substituting Eqs. (A.8) and (A.9) in Eq. (A.7) gives
X1
n¼0
yn ¼ L1ðgðxÞÞ  L1
X1
n¼0
An
 !
þ Bxþ A ðA:12Þ
Then equating the terms in the linear system of Eq. (A.11)
gives the recurrent relation
y0 ¼ L1ðgðxÞÞ þ Bxþ A; ynþ1 ¼ L1ðAnÞ; nP 0
ðA:13Þ
which gives
y0 ¼ L1ðgðxÞÞ þ Bxþ A;
y1 ¼ L1ðA0Þ;
y2 ¼ L1ðA1Þ;
y3 ¼ L1ðA2Þ; :
..
.
ðA:14Þ
From Eqs. (A.11) and (A.14), we can determine the compo-
nents yn(x), and hence the series solution of yn(x) in Eq. (A.7)
can be immediately obtained.
Appendix B. Analytical solution of dimensionless NO
concentration in the bioﬁlm phase
The solutions of Eq. (7) and (8) allow us to predict the concen-
tration proﬁles of NO in the gas phase and the bioﬁlm phase.
In order to solve Eq. (7), we have to solve Eq. (8) using the
Adomian decomposition method, Eq. (8) can be written in
the operator form,
Lð ClÞ ¼ a2Nð ClÞ ðB:1Þ
where the differential operator L ¼ d2
dx2
and NðClÞ ¼ Cl1þbCl
Applying the inverse operator
L1ð:Þ ¼
Z x
0
Z x
1
ð:Þdxdx ðB:2Þ
on both sides of Eq. (B.1) yields
ClðxÞ ¼ Bxþ Aþ a2L1
Cl
1þ b Cl
 
ðB:3Þ
where B ¼ Cl0ð1Þ and A ¼ Clð0Þ. We let,
ClðxÞ ¼
X1
n¼0
ClnðxÞ ðB:4Þ
N½ ClðxÞ ¼
Cl
1þ b Cl
¼
X1
n¼0
An ðB:5Þ
In view of Eqs. (B.4) and (B.5), Eq. (B.3) givesX1
n¼0
ClnðxÞ ¼ Bxþ Aþ a2L1
X1
n¼0
An ðB:6Þ
We identify the zeroth component as
Cl0ðxÞ ¼ Bxþ A ðB:7Þ
and the remaining components as the recurrence relation
Clnþ1ðxÞ ¼ a2L1An; nP 0 ðB:8Þ
where An are the Adomian polynomials of Cl1 ;
Cl2    Cln. We
can ﬁnd the ﬁrst few An as follows:
A0 ¼ Nð Cl0Þ ¼
Cl0
1þ b Cl0
ðB:9Þ
A1 ¼ d
dk
Nð Cl0 þ k Cl1Þ½ jk¼0 ¼
Cl1
ð1þ bÞ2 ðB:10Þ
The remaining polynomials can be generated easily, and so,
Cl0ðxÞ ¼ 1 ðB:11Þ
Cl1ðxÞ ¼
a2xðx 2Þ
2ð1þ bÞ ðB:12Þ
Cl2ðxÞ ¼
a4x x2ðx 4Þ þ 8Þ½ 
24ð1þ bÞ3 ðB:13Þ
Adding (B.11), (B.12), (B.13), we get Eq. (13) in the text.
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